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Abstract: This paper is concerned with the problem of couphng the M = 8 superconfor- 
mal Bagger-Lambert-Gustavsson (BLG) theory to = 8 conformal supergravity in three 
dimensions. We start by constructing the on-shell M = 8 conformal supergravity in three 
dimensions consisting of a Chern-Simons type term for each of the gauge fields: the spin 
connection, the SO (8) R-symmetry gauge field and the spin 3/2 Rarita-Schwinger (grav- 
itino) field. We then proceed to couple this theory to the BLG theory. The final theory 
should have the same physical content, i.e., degrees of freedom, as the ordinary BLG the- 
ory. We discuss briefly the properties of this "topologically gauged" BLG theory and why 
this theory may be useful. 
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1. Introduction 

Recently a basically unique three-dimensional maximally {J\f = 8) superconformal theory 
was constructed by Bagger and Lambert, and by Gustavsson (BLG) ||, ^, Q. It is the 
purpose of this paper to develop the corresponding (AA = 8) conformal supergravity theory 
and couple it to the BLG theory. 

The BLG theory, containing a Chern-Simons gauge field coupled to matter fields, was 
originally proposed to describe multiple M2-branes. An interesting aspect of the fact that 
the BLG theory is a Chern-Simons theory [|| is its potential importance also in the context 
of condensed matter applications. The multiple M2-brane interpretation has, however, 
met with a number of problems related to the algebraic structure of the theory. The 
BLG construction is based on a four-index structure constant for a three-algebra with a 
Euclidean metric. This three-algebra is known [^, ^ to have basically only one realization, 
^4, related to the ordinary Lie algebra so(4). This seems to be limiting the role of the 
BLG theory to stacks of two M2-branes ^, p!o| . 

It may be of some interest to couple the BLG theory to supergravity. In fact, in the 
context of AdS^/CFT^, similar couplings of a superconformal field theory to its supergrav- 
ity counterpart have been considered in the past, see, e.g., and references therein. A 
coupling to supergravity also provides a framework for curved M2 branes and may perhaps 
be used in a way similar to how quantum properties of the string are usually defined. (This 
may be more natural in the context of the ABJM Af = 6 theory |jl^ which can describe 
one as well as many M2 branes^. This theory can most likely be coupled to conformal 

^We are grateful to Arkady Tseytlin for discussions on this point. 

^For several reasons one may, in fact, suspect that globally there is no distinction between one and 
several M2 branes. 
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supergravity in the same way as done here for the BLG theory.) The geometric description 
of the superstring coupled to supergravity, generally referred to as the Polyakov string, was 
first given in [12| and later used by Polyakov to define the string at the quantum level. 



There is, of course, an interesting issue at this stage for such an interpretation to be viable 
in the M2 case, related to the fact that BLG/ABJM type theories appear to be in a static 
gauge of a would-be covariant theory. We have no comments about this at the moment 
and regard this work only as a possible step in this direction. 

However, for the coupling to gravity to make sense in this latter context, the coupled 
three-dimensional BLG (or ABJM) theory should not pick up any new propagating degrees 
of freedom. Thus the supergravity theory needs to be special, in some sense topological 
before being coupled to matter. For M = 1 there is such a theory in three dimensions as 



shown by Deser and Kay in [14|. It consists of two Chern-Simons type terms, one for the 
spin connection and one for its superpartner the Rarita-Schwinger field. Although none of 
them are conventional Chern-Simons terms (e.g., the spin connection is constructed from 
the dreibein), we will refer to both as Chern-Simons terms. Some issues related to the 
physical content of theories of this kind have been addressed in |15, 16|. For instance, the 



equation of motion for the dreibein in the pure gravity case restricts the geometry to be 



conformally flat |15]. 



In this paper we construct the M = 8 version of this supergravity theory which inter- 
estingly enough turns out to be rather simple; starting from the Deser-Kay M = 1 theory 



1 14] one just gives the spinors an extra 5*0(8) spinor index and adds a Chern-Simons term 
for the corresponding R-symmetry gauge field. It is then rather straightforward to show 
that this theory is invariant under the local symmetries, supersymmetry, special supercon- 
formal, and dilatations. (The Lagrangian of this theory can also be obtained by starting 
from the gauged superconformal algebra and subject it to curvature constraints as shown in 
1 17, |l8[.) It is then possible to couple this conformal supergravity theory to the BLG the- 
ory using familiar methods. In this paper we will perform this coupling up to some higher 
order interaction terms between the two sectors. The resulting theory will here sometimes 
be referred to as the topologically gauged BLG theory since the global symmetries of the 
BLG theory, namely Poincare, AA = 8 supersymmetry and 50(8) R-symmetry, are here 
all being gauged by the introduction of gauge fields and the corresponding Chern-Simons 
terms. The introduction of levels k can be done separately in the BLG sector ^, IC] and 



in the supergravity sector |15] raising some interesting questions. This is discussed further 
in the last section. 

The paper is organized as follows. In section two we construct the M = 8 conformal 
(or topological) supergravity by writing down an on-shell Lagrangian containing only three 
types of Chern-Simons terms, one for each gauge symmetry. We then explicitly demonstrate 
that this supergravity theory has the required M = 8 local symmetries. In section three 
we review the BLG theory and present in detail the coupling of it to the M = 8 conformal 
supergravity given in section two. The last section contains conclusions and some further 
comments. 
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2. Pure topological AT = 8 supergravity in three dimensions 



The off-shell field content of three-dimensional J\f = 8 conformal supergravity is 

< [0], 4 [-^], Bj^ [-1], b,,M [-1], Pijk [-§], Cijki [-2], (2.1) 
where we have given the conformal dimension in brackets after each field. This set of fields 



constitute an off-shell multiplet of = 8 three-dimensional conformal supergravity |19| 
as indicated by the degree of freedom count (which is just as in four dimensions but then 
on-shell). The task now is to construct a topological Lagrangian from a set of Chern- 
Simons terms. In fact, by checking which scale invariant terms can be constructed from 
the above set of fields one concludes that the last three fields will satisfy algebraic field 
equations. This means that we can construct the on-shell Lagrangian using only the three 
gauge fields of 'spin' 2, 3/2 and 1, i.e. e^"[0], xjt[— ^]) B^i^[~M- (Note that the i index 
used here corresponds in the following to the SO (8) spinor index that is not explicitly 
written out for the supersymmetry parameter. The R-symmetry gauge field in the adjoint 
of SO (8) may, due to triality, be given a pair of antisymmetric indices in any of the three 
eight-dimensional representations . ) 



Inspired by the work of Deser and Kay [14|, van Nieuwenhuizen [17|, and Lindstrom 
and Rocek we start from a Lagrangian of the form^ 

-ie-\"P-e^P%DpXvlplaDpXa), (2.2) 



where u) is the spin connection and the traces in the first and second terms are over the 
vector representation of the Lorentz group 50(1,2) and the R-symmetry group 50(8), 
represented by indices a and z, respectively. Note that the coefficient in front of the R- 
symmetry Chern-Simons term may seem non-standard but as we will see below the N = 8 
supersymmetry properties depends crucially on the value of this coefficient. 



We will frequently use the standard notation |14] 



F = leP'^'D.Xp, (2.3) 

which makes the Rarita-Schwinger term read 

-4ir7/37ar(e/e/e-i), (2.4) 

where we have spelt out explicitly all dependence of the dreibein that needs to be varied 
when checking supersymmetry. 

The standard procedure to obtain local supersymmetry is to start by adding Rarita- 
Schwinger terms to the dreibein-compatible lu in order to obtain a supercovariant version 
of it. That is 

^^fiaf3 = (^tial3 + K^ap, (2.5) 



^The Lagrangian used here wEis in fact given in based on a generalization of the superconformal 
algebra method of ]1^] . We will, however, base our discussion entirely on methods related to those of Deser 



and Kay in Q. 
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where ^ 

^/laP = ^(^Ma/? ~ ^aPt^ + (2-6) 

with 

n^u" = 5^e." - 9.e^", (2.7) 

and 

= -^{X^^lf3Xa - X^ilaXp " Xal^iXfi)- (2-8) 

This combination of spin connection and contorsion is supercovariant, i.e., derivatives on 
the supersymmetry parameter cancel out if io^ap is varied under the ordinary transforma- 
tions of the dreibein and Rarita-Schwinger field: 

5e^^ = i-erx^., 5x,. = D,,e. (2.9) 

The covariant derivative appearing in the Lagrangian and in the variation of the Rarita- 
Schwinger field takes the following form acting on a spinor 

Df^e = d^e + ^cD;,a/37"^e + ^B^.^V^e, (2.10) 

that is, both the Lorentz 5*0(1,2) and the R-symmetry 5*0(8) groups are gauged. Note 
that the spinors in the gravity sector, i.e., the susy parameter and the Rarita-Schwinger 
field, are of the same 5*0(8) chirality while the spinor in the BLG theory is of opposite 
chirality. 

Our goal now is to show that the above Lagrangian is = 8 supersymmetric (up to a 
total divergence) under the above transformations of the dreibein and the Rarita-Schwinger 
field together with a transformation of the 5*0(8) R-symmetry gauge field -B/^ij that will 
be determined in the course of the calculation. This superconformal M = 8 supergravity 
theory will then be coupled to the BLG theory in the next section. 

We will derive the variation of the Lagrangian following closely the steps in the M = 1 
case given by Deser and Kay in ||l^. There is, however, good reason to be somewhat more 
explicit than in that paper since we do it for J\f = 8 and will need to spell out in detail 
where the two calculations differ. Our derivation will make use of a Fierz basis (see the 
appendix) which will turn out to simplify the calculations quite a bit. 

Introducing the dual 50(8) R-symmetry and curvature fields (see []T4| ) 

G*f = ^e'^^^G.p,,, ii*^^ = ^e^'^PR.pap (2.11) 
and similarly for a), as well as the double and triple duals 

j^**t^,a ^ lga/37^*M^^^ R*** = ^Ef^^aR**"'" , (2.12) 

where in the last expression only the contorsion part of the Riemann tensor contributes. 
In fact, one can show that 

R*;* = ie^X.l^r- (2.13) 
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From the fact that the affine connection and spin connection are related by 

= ^^.''pe/e^P + e^^S^e,", (2.14) 
and that the variation of the affine connection is 

= lg'"'{D^Sg,^ + DJg^^ - DJg^,), (2.15) 

we find directly that 

6Co;- = -2t{e^,r - le^'^-eiufn. (2.16) 

Combining this result with the fact that the commutator of two supercovariant deriva- 
tives, acting on a spinor, is 

[D^, D,] = ^R^uafsr^ + Ic^^i^r^, (2.17) 

we find that the symmetric part of cancels in the supersymmetry variation of the 

dreibein and gravitino Chern-Simons terms. Performing also the variation of the Chern- 
Simons term for the SO {8) gauge field we find that also G*!j^ cancels provided we choose 
the variation of to be 

6Bji = -'-e-HV^^,^^r. (2.18) 
Inserting these variations into 6L gives 

5L = 5Li + 5L2 + 5Li + 51^, 
5Lr = 4e-(7a7/3/")r7^X/., 
6L2 = 8/>(7a7/3/")(eVx^ - ^e/eYXu), 

6U = -^(r7/37«)r^^XMe'^^^er.,(7577/')- (2-19) 

In order to show that the variation of the Lagrangian vanishes some of the terms in the 
above expression must be rearranged by Fierz transformations. As we will see later it will 
turn out to be convenient to review the M = 1 case before turning to the more complicated 
case of = 8. To proceed in a systematic manner we have chosen to pick a basis of 
M = 1 expressions consisting of (/.../)(e....x) where the dots correspond to either a charge 
conjugation matrix or such a matrix times a three dimensional gamma matrix (recall that 
all the spinors are Major ana). An independent set of such expressions is defined in the 
Appendix. 

By applying the Fierz transformations to 5Li and 6L3 above and expressing all terms 
so obtained in the Fierz basis one can show, after some Af = 1 Fierz calculations, that they 
exactly cancel 6L2- This is the result of Deser and Kay [14|. 

It now becomes rather easy to establish that also for J\f = 8 the variation will vanish 
when 6L4 is included and use is made of the full M = 8 Fierz identity for SO {8) spinors of 
the same chirality, i.e., 

ABCD = -^{ADCB + AjaDC-faB 
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^}_^Y^^kijj^-pijki-^ + ^AjaT'^''^DC-faT'^''^B). (2.20) 

The argument is as follows. From the M = 1 case, for instance by using the basis given 
in the Appendix and the M = 1 Fierz identity 

ABCD = -^{ADCB + A-faDC-faB), (2.21) 

we conclude that after Fierzing 6Li + 6L^ = —5L2. This means that in the M = 8 case 
we have instead that 6Li + 5L^ = —^SL2 and we are missing ^SL2 which must come from 
Fierzing 5L4. 

That this in fact is exactly what happens is most easily seen by Fierzing 5L4 keeping 
the factors ^alpf" intact and collecting the F*-' in the same factor. The result of the 
Fierzing is 

{ripla)re'^'{^,^sP)-ei,Xv = ^Filal^nin^X, - \e/-eYXa), (2.22) 

where the right hand side has been derived by writing ^^^^ instead of e"^^ and then 
multiplying in the explicit 7^^ into it. 

Turning finally to the Fierz terms containing F,-,- and Fjjfc;, the latter terms can be 
seen to cancel directly using the same Fierz relations as for the terms without any F's. The 
cancelation of the Tij does however require a separate calculation using the second basis 
set in the Appendix. This cancelation has also been verified proving that the theory has 
= 8 local supersymmetry. 

We have also explicitly verified that the theory constructed here is locally scale in- 
variant (denoted by an index A) and possesses M = 8 superconformal (shift) symmetry 
(denoted by S) with the following transformation rules (where (j) is the local scale parameter 
and T] the local shift parameter) 

SAefj."' = -(/'(x)e^", 
SAXfi = -l4>{^)x^^, 

5AB]i = 0, (2.23) 

and 

<55e/ = 0, 

6sBii = ^fjr^x,. (2.24) 

Verifying invariance under the latter transformations requires Fierz transformations similar 
to those used above to demonstrate M = 8 supersymmetry. The calculations performed 
here may be facilitated by the use of the Mathematica package GAMMA [20|. 
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3. The M = 8 gauged BLG theory 



In this section we first review the (ungauged) super confer mal matter sector, i.e., the or- 
dinary BLG theory, to which we then would hke to couple the superconformal gravity 
derived in the previous section. The resulting "gauged" BLG theory is derived in the 
second subsection up to some higher order interaction terms between the two sectors. 

3.1 Review of the ungauged M = 8 superconformal BLG 

The BLG theory contains three different fields; the two propagating ones X^a and ^a, 
which are three-dimensional scalars and spinors, respectively, and the auxiliary gauge field 
A^'^h. Here the indices a, b, . . . are connected to the three-algebra and some n-dimensional 
basis T", while the i, j, k, . . . indices are S0{8) vector indices. The spinors transform 
under a spinor representation of 50(8) but the corresponding index is not written out 
explicitly. Indices //, i^, . . . are vector indices on the flat M2-brane world volume. 

Using these fields one can write down AA = 8 supersymmetry transformation rules 
and covariant field equations. This is possible without introducing a metric on the three- 
algebra. In such a situation the position of the indices on the structure constants is fixed 
as f^^^d- The corresponding fundamental identity needed for supersymmetry and gauge 
mvariance then reads fl], |, |, i, 

r''%r^'d = srf^%f'^'d, (3.1) 



which can be written in the following alternative but equivalent form |21], 

flabcje]fg^^Q_ (3.2) 

The construction of a Lagrangian requires the introduction of a metric on the three- 
algebra. As discussed above, if one wants to describe more general Lie algebras than so(4). 



this metric must be degenerate [21] or non-degenerate but indefinite |22, 23, Finally, 

to construct an action one also needs to introduce the basic gauge field A^ab which is 
related to the previously defined gauge field and structure constants as follows: 

Afj,°'b = A^cdf^'^°'b ■ (3.3) 

The BLG Lagrangian is |^] 

C = -\{D^X"'){D^X\) + i-lr'^T'^D^M/, - {i>bT,jX\Xia'^ar''"' 

-V + ^e^"^ [r'^'A^ahd.Ax.d + Ir^^r^^'A^ahA^^dAxef) , (3.4) 
where the potential is given by 

V = y'''''rf^dX\XhX\X\X^fX\ . (3.5) 



However, already gauge invariance of the field equations requires the introduction of this gauge field 
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Note that in terms of A the Chern-Simons term becomes 

Ccs = le^""^ (A^ahdvAy^" + \A^\Aj>M^ (3.6) 
The BLG transformation rules for (global) M = 8 supersymmetry are 

5A^\ = iej^rxl^J'\. 

3.2 Coupling M = 8 conformal supergravity to BLG matter 

We now turn to the construction of the gauged BLG Lagrangian. The coupling of the 
BLG theory to the Af = 8 conformal supergravity theory discussed in the previous section 
follows from standard techniques. As a first step in its derivation we restrict ourselves 
to terms in the Lagrangian that give rise to (cov.der.)^ or (cov.der.)^ terms when varied 
under supersymmetry and show that all such terms cancel in SL. Including also some other 
terms, like those that complete the supercurrent, we will use the following Lagrangian as 
our starting point 

r T I T COV I r 

— ^conf.sugra ' ^BLG ~^ ^ supercurrent j 

where Lconf.sugra was given in section two, 

LTlG = ei-y^'D^X'^D^Xia + §*"7"ea"i)^*a + LYukawa ~ V) + Lcs^A), (3.9) 

and 

Lsupercurrer^t = AieX^rV"7''*"(^z.^'" " A'^Xv^'^l 

+Biex,rr'''^a{XlXiXj)r'^'^ + Cex^r^^'x^{XlXix'^,X'^r'"^\ (3.10) 

and then add terms as they become necessary for proving supersymmetry to the order in 
covariant derivatives at which we are working. Here the derivatives are covariant under 
all local symmetries of the theory. Note that the hatted parameters A, B and C in the 
supercurrent are not determined by the (-0^^)^ calculation. In fact, at the end of this 
subsection we will determine also these coefficients by demanding cancelation of terms 
that contain fewer derivatives but are of power four or higher in X. The whole Lagrangian 
is then known up to some fermion terms without derivatives that might be needed in 
addition to the ones already present in the covariant derivatives. The final step of proving 
cancelation also of the one- and non-derivative terms in 5L is fairly elaborate and will be 
presented elsewhere. 

The new terms that arise in the computation are the following 

^ie^^Px,T^^Xu{Xlb,Xi) + ^trr^.^aXl (3.11) 
-8- 



(3.7) 



(3.8) 



together with 

-^X^R + A''ix''rx^, (3.12) 

where the curvature term^ is well-known to have exactly the coefHcient — ^ in three di- 
mensions so that when added to the scalar kinetic term one obtains a locally scale invariant 
expression. 

Recalling the way the transformation rules for the gauge fields Af^ and -B^ are obtained 
we infer that both (5^4^'' and 6Bj^ will pick up new terms in the process of constructing 
the coupled theory. This is natural in view of the fact that we work on-shell and that 
such terms are expected to arise when auxiliary fields are eliminated. We start from the 
following basic transformation rules without such terms 





















= {D^xi - iAx^^r^ah^r'em + Ixixix^r'^'^emf'^a, 




= iem7f.rxi^dr\, 



where €g and are the supersymmetry parameters in the gravity and matter (BLG) 
sector, respectively. We are here using different supersymmetry parameters in the two 
sectors since, as we will see below, it will be necessary to rescale the supersymmetry 
parameters relative each other for the Lagrangian to be invariant. 

As just mentioned, both 5^^* and 5B^f^ will pick up a number of new terms as wc pro- 
ceed with the calculation. By inspecting the possible terms we conclude directly that these 
additional pieces will not contain any derivatives D^. Some of these are (with multiplicative 
constants and supersymmetry parameters to be determined) 

6Af Ir^e.. = Aix^r^eXlXl, (3.14) 

and 

<54^|„e» = Si^'"7/.r[^eX^l + B2Xf.r''^'eXi^X^ + B^^ar''r'^l^^eX^■ (3.15) 

We may find still others as we go through the proof of supersymmetry at the (D^)^ level. 
It is important to note in this context that these new terms will not feed back into the 
proof of supersymmetry at the order which we are working here, namely {D^)^. The proof 
that the lower order terms in SL also cancel will, however, be affected. 

The first step is to vary Lconf.sugra + L'^lg ^^'^ ^eep only the (i^^u)^ terms that are not 
directly canceled, along with all (i^^)^, in the pure supergravity case. That is, we here use 

®In the original version of this paper the curvature term was induced from a shift in the spin connection 
by —-^e^a/iX'^ . This is correct to order {cov.der)^ but is in general not compatible with BLG as the flat 
limit of the gauged theory. 
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the fact that the supergravity sector is invariant by itself as proved in the previous section. 
This means that we can drop the torsion part which is not a derivative term. When this 
is done it is possible to integrate by parts without problems. We find 

SL,onf.sugra\D'^ + SL'^IgId^ = -\6{eg^''' )D ^X^D^Xl - eD^^XlD^SXi 

grav 

+ \e^''"'5Af\BLG+newKi + e^'^" 5B^\ney,G%, (3.16) 

where the fourth term on the right hand side contributes to [Dfj)'^ only if we insert the 
original supergravity variation of 5B^ij as indicated. From now on we will not include the 
last two terms proportional to the field strengths and G^/iu explicitly in our expressions. 
When the variations of the potentials need to be corrected we just have to recall their form 
from the above expression. 

Computing the above variation gives 

+y''^,j.r^e,{XlD^Xi), (3.17) 

where we find the first new contribution to the variation of SB^/f . Choosing Bi = and 
e = €m will then remove the G^u term from this expression. 

To eliminate some of the other terms we now add the first part of the supercurrent 

super currentl ~ ^^^Xn 

r^Y'y'^^^D^X^"' (the other terms do not contribute to (-D/x)^ when 
varied under supersymmetry) . (-D/^)^ terms come from the variations and S"^a which 
leave three terms (containing T^^ , and no F^'s) two of which cancel the first and third 
terms on the right hand side above provided Acg = and 2Aem = Cg- Thus we conclude 
that 

e„:=e, €g = ±V2e, A = (3.18) 

where the sign of A will be chosen later. 
The remaining terms are then 

6Ly. = -Aie>'-Px,r'iem{D,XlD,Xi) + y^^.^X' eg{XlD^Xi). (3.19) 

We now add to L the term 

AHe^^'^Px^.T'^X.iKDpXi), (3.20) 

since when Xn is varied and the resulting expression integrated by parts the term above 
proportional to A is canceled if we choose A' = — ^ . We also find new contributions to the 
variations of 5A'^^ and (5i?Jf corresponding to Ai = 2iA', e = and B2 = iA' , e = eg. 

Due to a second cancelation, arising for A' = ~j (where from now on we will choose 
the signs as vl = eg = V^e), in the previous step only one term remains at this stage, 
namely 

-irj^j^^r^emiX^D^Xi). (3.21) 
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Thus also the term 

A^ip^^r^aXi (3.22) 

is needed, where the variation of both and '^a will produce (D/^)^ terms. All F*-' terms 
are eliminated by choosing A" = and = —A"-^,e = eg. This leaves us with the 
following variation (recalling that R** is a double density) 

6L\j,2 = -A"i-^R**egV-^aK + A"§(I)^x2)(/>6^ - ^^^1^,,^^). (3.23) 

Finally, we include the gravity term that is necessary to make the scalar field kinetic 
term locally scale invariant (which fixes the coefficient as given), that is, 

Lr = -^RX^. (3.24) 

We will also need the associated fermionic term 

Lf,rm = A'"iX^rx^.■ (3.25) 

The variation of the Ricci scalar term reads 

SLr\j,. = iR**Xiemr^a - iXYegR^lX^ + |6^'^^(D^x2)/,7^e,. (3.26) 

Adding this to the last expression above for SL\j;)2 we sec that the first terms in these two 
expressions cancel against each other, as do the last terms, provided we use the fact that 
Eg = V^Sm as found above. 

Thus, after including also the curvature scalar term we have 

SL\n2 = A"^^{D,X^)rem - IX^-'egR^lX-'. (3.27) 

The final step is then to add the variation of the fermionic term, that is, 

SLf,rm\D^ = A"'iX^rDi,eg + A"'iX^x^.Sr, (3.28) 

where the last term becomes, up to a Gjfjy field strength term, 

A"'ii-XYegR*;,X\ (3.29) 

(This can also be expressed in terms of the ordinary Ricci tensor as 

-A"'q{egj^Xu - y^,-egYXp)R^''X\ (3.30) 

where we used the relations 

R*i^v = ^iiv ~ R** = —\R, (3.31) 

between the double dual i?** and the ordinary Ricci tensor.) 

The G^^v term mentioned in the previous paragraph implies the following addition to 

5B'^\r,e^.,s = i^X%r^Xt., (3.32) 



- 11 - 



which is just a special superconformal transformation with parameter 

77 = ^Xhg. (3.33) 
This indicates that also 5xii will pick up a special superconformal piece: 

<5xmIs = It^V = ^^^Tm^s = -TH72^^>^- (3-34) 

As we will see below this will, in fact, not happen. However, another contribution to 
6B^f^ will arise in the computation just below that will exactly double the above special 
superconformal part of this transformation rule^. 

Summing up the situation at this point, using what we know about the various con- 
stants, we find that 

6L\n2 = V2A"'irD^eX' + ^J^^eD^X^ - ^(1 - 2A'")F7"e^^^'^'• (3-35) 

Thus if we choose A'" = j the first two terms add and the result can be integrated by 
parts to give 

-^^D,PX^ = ^x'^7^6i^-X^ (3.36) 

modulo another G^^lu term, and hence we see that the (-D^)^ terms vanish in the variation 
of the Lagrangian. 

We now turn to the hatted coefficients in the Lagrangian given in the beginning of this 
subsection. These can be determined as follows. Consider first A. This parameter is fixed 
by demanding that the variation of '^a is supercovariant'', which gives A = 

Turning to -B, we see that the variation of the dreibein in the covariantized sixth order 
potential term is canceled by choosing B = The B term also gives rise to a term 
containing r^'^''{Xixixf)f''^'"^(X'^X]X^)P''f9 ^hich imphes antisymmetry in [beef]. 
However, this does not immediately mean that the fundamental identity will set it to zero, 
but by imposing [ahef] on the fundamental identity ( |3.1| ) and using its alternative form 
given in (3.2), that sets the left hand side to zero, one finds that J'*''Mje/]ag _ g -^^j^ich is 
what we need. 

The third, and last, parameter to be determined is C. This we do by relating the 
6x^1 variation of this term to the two terms obtained by varying ^a\DX in the B term and 
(5^a|x3 in the supercurrent. We find (7 = due to a delicate cancelation. 

We end this subsection by summarizing our results: Up to terms* of order three or 
higher in x^l^ the Lagrangian reads 

1 „„„„ _ „ _ 2. . _ „.,„„ ,„ „ „ 2 

—J 
3 



L'blg = = ^e^"''rr„(cD^a,LDp + ^cD^cD^cDp) - e^'^Tr, (5^9,5^ + ^B^B.Bpj 



®We thank Xiaoyong Chu for pointing out a sign error in the first version of the paper. 
''That is, if varied the right hand side of 5'^ a must not give rise to derivatives on the supersymmetry 
parameter. 

*It might be that all terms of this kind are already accounted for by the ones built into the covari- 
ant derivative in which case the presented Lagrangian is the complete answer. Note that terms like 
-^pijfei^M^^pijfcivjya ^ due to the chirality properties, and that XmX''*^*'' is already present in the 
supercurrent. 
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^g^'^b^X'^b.Xia + l^-^T^ea^^^^a + Lvukawa - V) + Lcs{A) 



(3.37) 



and the transformation rules are 



•^4' = -^^"^''t^Tm/'^ - h^ai.Thxi^ - ^x^r'hxi^x', - ^^^aT'r^j.eX^ 

+Ti7^2'^''x,X\ 

6^a = {D^^xi - -^x,.r'*„)7''r^e + Ixixix^^r^hf^a, 

b~A^\ = ie-7^rX^*rf/-^% - ^^^r^^eX^X;j/-'^%. (3.38) 



What remains to be checked are the terms in bL that are linear in the covariant derivative 
or independent of them. We hope to present this final step of the proof elsewhere. 

4. Conclusions and comments 

In this paper we have constructed the = 8 conformal supergravity theory in three 
dimensions that seems to be the proper theory to couple to the J\f = 8 BLG theory 
believed to describe two M2 branes at the IR conformal fix-point. The J\f = 8 conformal 
supergravity theory consists on-shell of just three Chern-Simons type terms one for each 
of the gauge fields, the spin connection (in second order form), the Rarita-Schwinger and 
5*0(8) R-symmetry gauge fields. This theory should be possible to couple to matter in 
the form of the BLG theory which is a rather lengthy operation to do in full detail. The 
construction carried out in this paper, relying on the cancelation in SL of terms containing 
two or three covariant derivatives, generates the complete Lagrangian apart from some 
fermionic interaction terms. 

There are several aspects of the gauged BLG theory that might be of interest. Free 
Chern-Simons gauge theories are really topological theories whose symmetries become re- 
duced to superconformal ones when coupled to each other (as in the supergravity sector) 
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or to conformal matter (as in the BLG sector) although the gravity sector is probably 
somewhat more intricate. In any case, what seems to be a general feature is that the 
various curvatures are heavily restricted, or even determined, by the field equations. For 
pure Chern-Simons gravity this is discussed for instance in |jl^. A Lagrangian based on a 
second order spin connection leads to the equation of motion 

%W^.]p = 0, W^, = R^,-\g^,R, (4.1) 

which is known to be the condition for conformal flatness in three dimensions. This equation 
will be modified by source terms constructed from the other fields appearing in the theory. 

Another well-known property of the BLG theory is that it allows for the introduction 
of a level k ||2^, ^, ^] which can be seen by using structure constants of the form 

'?TT 

jahcd ^abcd 2^ 

k 

Then reabsorbing one such factor ^ into the gauge field in the BLG theory produces 
the level k theory where k is an integer for topological reasons. If this is done in the 
Van Raamsdonk version [^5[ one finds the standard level {k, —k) theory discussed more 



generally in |10|. Interestingly enough the coupling to superconformal gravity discussed in 
this paper introduces yet another level parameter which is also quantized as explained in 
p5[| . There seems, however, to be room for only one new such parameter in the = 8 
superconformal case since the extra Chern-Simons terms are connected by the various local 
symmetries. It is perhaps interesting to note in this context that the Chern-Simons term 
for the R-symmetry field B^fi gets here an unconventional normalization (being twice the 
standard one). 

This last issue relates also to the question of invariance under parity for the gauged BLG 
theory. The pure BLG theory is saved by the fact that in the SU{2) x SU{2) formulation 
m [||, |, g the two gauge groups are interchanged by a parity transformation. This option 
seems not to be available in the superconformal gravity sector as formulated here. 

Apart from the original M = 8 BLG theory there are a number of other versions of su- 
perconformal M2 brane theories with less supersymmetry but able to describe more general 
stacks of branes. Following [|^], the authors of (see also ||2^, ^) used a construction 
with fields in the bi-fundamental representation of U{N) x U (N) relevant for stacks with 
N branes. So far, however, this ABJM theory exists only with 6 supersymmetries which, 
however, may get enhanced to 8 for level k = 1,2 if monopole operators are introduced 



IC, In such a context infinite dimensional algebraic structures will probably play a 
role. An example of such a structure, related to generalized Jordan triple products, has 
recently been suggested to arise in BLG/ ABJM theories | |29[ |. Here we have not made 
an attempt to couple the ABJM theory to M = 6 superconformal gravity but it should 
be possible and follow the same lines as those used in this paper. Another method that 
might be useful in this context is the embedding tensor technique already applied to similar 
problems, for instance, in |30|. 
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A. Fierz bases 



The Fierz basis used in the proof of supersymmetry in the main text is based on ex- 
pressions of the form {'^■■■X^){fv-fp) where the dots refers to either an antisymmetric 
three-dimensional charge conjugation matrix or to a product of it with a three-dimensional 
gamma which is symmetric. Thus these expressions have three, four or five free indices 
that need to be contracted by deltas or Levi-Civita symbols. There are thus twelve index 
structures : 



(-) 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 

(7) 
(8) 
(9) 

(-) 



eXM)(/./p)e^"'' = 0, 

%)(/V/fl) = o, 

e7°Xa)(/M7./p)e^"'' 
erX,)if>afpV' 

^l^XaWl.fpV" 

6-7MXa)(/.7°/p)e^"'' 

eJi,X.){faYfa)e'''' 



0. 



(A.l) 



Of the ten non-zero ones we can easily (by cycling the three indices on the epsilon tensor 
together with on of the contracted indices) find three relations involving the expressions 
(4) to (9): 



2 . (6) = (4) + (9), 2 • (5) = (7) - (9), (4) = 2 • (6) - (7). 



(A.2) 



We will choose as an independent set of expressions (1),(2),(3), (4), (6), and (8), which 
means that (9) = 2 • (8) - (4), (7) = 2 • (6) - (4), and (5) = (6) - (8). 

We may also relate this basis to expressions that appear frequently in the Lagrangian: 



(4) :- 

(6) := 
(8) := 



(e7"Xa)(//37V/7) 
(e7"X/3)(/a7V/7), 

(erxMi^rfy)- 



(A.3) 



Expressing these in the basis specified above gives 



(4) = (4) + (2), (6) = (6) + (3), (8) = (8) + (3). 



(A.4) 
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When the 5*0(8) F-matrices are introduced into the Fierz identity the same basis can 
be used by inserting T's into both factors. For F*-''^' the basis is exactly the same as the 
one above while for F'^ some other elements are set to zero by symmetry 



u > 






(2') 


^tJ- Xa)U 7 Jf3): 




w ) 


^fcJ^ Xq)\J 7 




(-) 


(e-F^^7"Xa)(/^//3) = 0, 




(4') 






(-) 


(e-7"F*^Xa)(/M7.r*'/p)e^'^'' = 


0, 


(50 






(60 


(e-7"F'^XM)(/a7.r*Vp)e^'^^ 




(-) 




0, 


(70 






(-) 




0, 


(80 


{ej^r'^Xu)ifarr''fa)e>''''', 





and the set of independent basis elements can be chosen as (10, (20, (30, (40, (50 and (70- 
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